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We extend the Trotter–Kato–Chernoff theory of strong approximation of C0
semigroups on Banach spaces to operator-norm approximation of analytic
semigroups with error estimate. As application we obtain a criterion for the
operator-norm convergence of the Trotter product formula on Banach spaces with
error estimate n1 log n; provided one of the generators has a bounded H1
functional calculus. For both results, we present versions for approximation in
operator-ideal-norms such as the trace norm or the Hilbert–Schmidt norm. Finally,
we give some remarks on the operator-norm convergence of the Trotter product
formula for semigroups acting on a scale of Lp-spaces. # 2002 Elsevier Science (USA)1. INTRODUCTION AND MAIN RESULTS
1.1. Trotter–Kato–Chernoff Approximation in Operator-Norm on Banach Spaces
The approximation of a given continuous time operator semigroup ðetAÞ
on a Banach space X by discrete time operator semigroups ðTnÞ is a widely
studied problem in operator theory. The following classical result on
approximation in the strong operator topology is due to Trotter, Kato and
Chernoff and can be found in many semigroup books, e.g. [P, Sect. 3.4];
[EN, Theorem 3.4.8].
Theorem A. Let ðTeÞe>0 be a family of uniformly powerbounded operators
on X : Define Ae :¼ e1ðTe  IÞ and let ðetA0Þ be a bounded C0 semigroup on X :
Consider the following conditions:
ðs-TKÞ etA0 ¼ s  lim
n!1
Tnt=n for all t > 0;
ðs-RÞ Rðl;A0Þ ¼ s  lim
e!0
Rðl;AeÞ for some ðallÞ l > 0;350
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e!0
etAe for all t50;
ðs-GÞ A0 ¼ s  lim
e!0
Ae on DðA0Þ:
Then the following implications hold:
ðs-GÞ ) ðs-SÞ , ðs-RÞ ) ðs-TKÞ
Here Rðl;AeÞ denotes the resolvent operator ðl AeÞ
1: We use the
symbols G, S, R, TK to indicate convergence of the generators, semigroups,
resolvents and the Trotter–Kato formula, respectively. One of the main topics
of this paper is to point out that the strong convergence in Theorem A can be
replaced by operator-norm convergence if one deals with analytic semigroups.
For continuous time semigroups, the notion of analyticity is well known, for
the discrete case it was introduced in [C-SC] where a bounded operator T on
X is called analytic if jjðT  IÞTnjj4C=n for all n 2 N:Wewant to mention the
following connections between the continuous and discrete notion of
analyticity; the references will be given in Section 1.
Theorem B. ðiÞ Let ðetAÞ be a bounded C0 semigroup on X : Then ðetAÞ is a
bounded analytic semigroup if and only if the ðetAÞt50 and ðlRðl;AÞÞl>0 are
uniformly powerbounded and uniformly analytic.
ðiiÞ Let T be a bounded operator on X : Then the following are equivalent:
(a) T is powerbounded and analytic.
(b) ðetðTIÞÞ is a bounded analytic semigroup and sðTÞ  D[ 1:
(c) fðl 1ÞRðl;TÞ; jlj > 1g is bounded.
Discrete analyticity already turned out to be crucial for the temporal regularity
of discrete heat kernels [B1] and for maximal regularity of discrete time evolution
equations [B2,B3]. In the present context of semigroup approximation, it is
fundamental for the following operator-norm version of Theorem A.
Theorem 1.1. Let ðTeÞe>0 be a family of uniformly powerbounded and
uniformly analytic operators on X : Define Ae :¼ e1ðTe  IÞ and let ðetA0 Þ be a
bounded analytic semigroup on X : Consider the following conditions:
ðTKÞ etA0 ¼ LðX Þ  lim
n!1
Tnt=n for all t > 0;
ðRÞ Rðl;A0Þ ¼ LðX Þ  lim
e!0
Rðl;AeÞ for some ðallÞ l > 0;
ðSÞ etA0 ¼ LðX Þ  lim
e!0
etAe for all t50:
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ðSÞ , ðRÞ ) ðTKÞ:
(b) If the operators Se :¼ ðI  eeA0Þ
1  ðI  TeÞ
1; e > 0; are well
defined and bounded, then we have the error estimate
jjetA0  Tnt=njj4Cn
1 logðnÞjjSt=njj for all n 2 N; t > 0:
(c) If one of the equivalent conditions (s-R), (s-S) is satisfied, then ðTKÞ;
ðRÞ; ðSÞ hold provided fRðl;AeÞ; e > 0g  LðX Þ is relatively compact for
some l > 0:
For the special case that the Te are uniformly quasi-sectorial contractions
on a Hilbert space, part (a) of Theorem 1.1 is the main result of Cachia and
Zagrebnov in [CZ1]. We will adapt their proof to our Banach space setting.
Remark 1.2. Theorem 1.1 remains valid if condition (TK) is replaced by
the stronger condition
ðTKþÞ etA0 ¼ LðX Þ  lim
j!1
Tnjej whenever t > 0; ej ! 0; ejnj ! t:
A ﬁrst application of Theorem 1.1 is the operator-norm convergence of
the Widder Inversion Formula for bounded analytic semigroups.
Corollary 1.3. Let ðetAÞ be a bounded analytic semigroup on X : Then
etA ¼ LðX Þ  lim
n!1
n
t
R
n
t
;A
  n
for all t > 0:
Proof. We apply Theorem 1.1 to the Te :¼ e1Rðe1;AÞ and A0 :¼ A:
Due to Theorem B, the ðTeÞe>0 are uniformly powerbounded and uniformly
analytic. Moreover, it is well known that the Yosida approximants
Ae :¼ e1ARðe1;AÞ converge in the uniform resolvent sense to A0:
jjRðl;AeÞ  Rðl;A0Þjj ¼
e
leþ 1
ARðl;AÞAR
l
leþ 1
;A
 



4eð1þ MÞ2 for all l; e > 0
provided jjetAjj4M for all t50: Hence the assertion follows from the
implication ðRÞ ) ðTKÞ of Theorem 1.1. ]
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operator-norm convergence of the Trotter product formula, we want to
show that under natural conditions, the operator-norm convergence in
condition ðTKþÞ can be improved to convergence in operator ideals. For
this purpose, we summarize brieﬂy some relevant facts from the theory of
operator ideals as developed in [Pi].
Suppose that for every pair of Banach spaces X ;Y we are given a
subspace AðX ;Y Þ of LðX ;Y Þ that contains the ﬁnite rank operators and
satisﬁes the ‘‘ideal’’ property
T 2 LðX0;X Þ; S 2 AðX ;Y Þ; R 2 LðY ;Y0Þ ) RST 2 AðX0;Y0Þ:
Then the union A of all AðX ;Y Þ is called an operator ideal. We will use the
notation AðX Þ :¼ AðX ;X Þ: An operator ideal A is called a normed operator
ideal if each AðX ;Y Þ carries a complete norm jj  jjA stronger than the
operator norm with
jjxn  yjjA ¼ jjx
njj jjyjj for all xn 2 Xn; y 2 Y ;
T 2 LðX0;X Þ; S 2 AðX ;Y Þ; R 2 LðY ;Y0Þ ) jjRST jjA4jjRjj jjSjjAjjT jj:
Well-known examples of normed operator ideals are the classes Pr and Nr
of all absolutely r-summing operators and r-nuclear operators which
coincide for 1oro1 and Hilbert spaces X ;Y with the class S2 of Hilbert–
Schmidt operators and therefore can be considered as extensions of S2 to
the Banach space setting.
The ideal S1 of operators with summable approximation numbers
extends in this sense the trace class of Hilbert space operators, and there
are further ideals extending the other Schatten classes Sp to the Banach
space setting. For deﬁnitions and basic properties of these ideals
see e.g. [Pi].
Now we can formulate our result on operator-ideal-norm convergence
in ðTKþÞ:
Proposition 1.4. Let ðTeÞe>0 be a family in LðX Þ and ðe
tA0 Þ a C0
semigroup on X such that etA0 2 GðX Þ for all t > 0: Let A be a normed
operator ideal such that the unit ball BAðX Þ is closed in LðX Þ: Suppose that for
some e0; t0 > 0 we have
ðTKþÞ etA0 ¼ LðX Þ  lim
j!1
Tnjej whenever t > 0; ej ! 0; ejnj ! t;
jjTne jjA4Ma;b whenever e4e0; en 2 ½a; b  ðt0;1Þ:
SO¨NKE BLUNCK354Then, for all t > t0; we have etA0 2 AðX Þ and even AðX Þ-convergence in ðTKþÞ:
ðA TKþÞ etA0 ¼ AðX Þ  lim
j!1
Tnjej whenever t > t0; ej ! 0;
ejnj ! t:
Here G denotes the operator ideal of all approximable operators [Pi], i.e.
T 2 GðX Þ if and only if jjT  Fnjj ! 0 for a sequence ðFnÞ in FðX Þ; the ﬁnite
rank operators. Recall that if Xn has the so-called metric approximation
property (e.g. if X ¼ Lp) then GðX Þ ¼ KðX Þ; the compact operators
[Pi, Sect. 10.1].
Note also that etA0 2 KðX Þ for all t > 0 if and only if A0 has a compact
resolvent, provided ðetA0 Þ is an analytic semigroup; see [P, Theorem 2.3.3] or
for a more general result [BW, Theorem 3.8]. Moreover, we mention that
BAðX Þ is closed in LðX Þ e.g. if A ¼ Pr or (A ¼ Nr and X is reﬂexive)
[BW, Lemma 1.2].
1.2. Trotter Product Formula in Operator-Norm on Banach Spaces
The main application for approximation schemes of the type (s-TK) or
ðTKÞ is to give a meaning to the Trotter product formula
etðAþBÞ ¼ lim
n!1
ðe
t
n
Ae
t
n
BÞn; ð1Þ
which holds for all bounded operators A;B 2 LðX Þ [RS]. If ðetAÞ; ðetBÞ are
contractive C0 semigroups on X such that B is sufﬁciently A-small, then we
can apply Theorem A to the Te :¼ eeAeeB; A0 :¼ A þ B; and since
e1ðeeAeeB  IÞx ¼ e1ðeeA  IÞx þ eeAe1ðeeB  IÞx!
e
Ax þ Bx;
the implication ðs-GÞ ) ðs-TKÞ of Theorem A yields the standard proof for
the well-known strong convergence of the Trotter product formula (1) for
contractive C0 semigroups. If, in addition, we suppose A to have a
bounded H1 functional calculus (in particular ðetAÞ is bounded analytic),
then the following application of Theorem 1.1 yields even norm-convergence
of the Trotter product formula (1).
Theorem 1.5. Let ðetAÞ be a bounded analytic and ðetBÞ a bounded C0
semigroup on X : Suppose that A has a bounded H1 functional calculus and
jjBxjj4ajjAxjj for all x 2 DðAÞ  DðBÞ; ð2Þ
jjBnxnjj4anjjAnxnjj for all xn 2 DðAnÞ  DðBnÞ: ð3Þ
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jjetðAþBÞ  ðe
t
n
Ae
t
n
BÞnjj4Ceeetn1 logðnÞ for all n 2 N; t > 0:
Recall that A has a bounded H1 functional calculus if we have an
estimate
jjf ðAÞjj4Cjjf jjH1ðSdÞ for all f 2 H
1ðSdÞ
and some d 2 ð0; p
2
Þ: Here H1ðSdÞ denotes the space of all bounded
holomorphic functions on the sector Sd :¼ fz; jargðzÞjodg: This functional
calculus was introduced by McIntosh, its construction and applications can
be found e.g. in [BK2,DM,M].
Remark 1.6. (a) If ðetAÞ is a bounded analytic semigroup on X and B is a
closed operator in X satisfying (2) for some a small enough then, by well-
known perturbation theory, also ðetðAþBÞÞ is a bounded analytic semigroup
on X :
(b) The proof will show that one can choose e ¼ 0 in Theorem 1.5
provided 0 2 rðAÞ:
(c) The following Hilbert space result is the main theorem of Cachia
et al. [CNZ]: If A5I is a non-negative self-adjoint operator and ðetBÞ a
contractive C0 semigroup on a Hilbert space H satisfying (2), (3) with a; an
o1 then
jjetðAþBÞ  ðe
t
n
Ae
t
n
BÞnjj4Cn1 logðnÞ for all n 2 N; t > 0:
This is generalized to the Banach space setting by our Theorem 1.5 since, in
the situation of [CNZ], the operator A obviously has a bounded H1
functional calculus.
(d) We want to mention a second Hilbert space result from [ITTZ]: If
A;B50 are non-negative self-adjoint operators on a Hilbert space H
such that A þ B is self-adjoint on DðAÞ \ DðBÞ; then
jjetðAþBÞ  ðe
t
n
Ae
t
n
BÞnjj4Ctn1 for all n 2 N; t > 0;
where Ct can be chosen uniformly for each compact t-interval
in ð0;1Þ:
(e) Banach space results using the stronger hypothesis DððAÞaÞ 
DðBÞ for some a 2 ½0; 1Þ instead of DðAÞ  DðBÞ [cf. (2)] can be found in
[CZ2], see also [IT].
(f) In the situation of Theorem 1.5, the operator ðA þ BÞ has a
bounded H1 functional calculus. This follows from a perturbation theorem
due to Kalton and Weis [KW].
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convergence of the Trotter product formula (1), we will now demonstrate
how condition ðA TKþÞ can be used to establish even operator-ideal-
norm convergence of the (symmetrized) Trotter product formula. Recall
that by A ¼ Sp we denote the well-known Schatten classes.
Proposition 1.7. Let A;B50 be non-negative self-adjoint operators on a
Hilbert space H such that DðA1=2Þ \ DðB1=2Þ is dense in H and A has a
compact resolvent. Suppose that
ðe
e0
2
AeeBe
e0
2
AÞn0 2 SpðHÞ for some n0 2 N; e0 > 0; p 2 ½1;1Þ:
Then, for all t > e0n0; we have etðA6BÞ 2 SpðHÞ and
etðA6BÞ ¼ SpðHÞ  lim
j!1
ðe
ej
2
AeejBe
ej
2
AÞnj ;
whenever t > e0n0; e05ej ! 0; ejnj ! t:
Here A6B denotes the quadratic form sum. Proposition 1.7 is closely
related to methods and results due to Neidhardt and Zagrebnov of the type
etðA6BÞ ¼ LfðHÞ  lim
n!1
f
t
n
A
 1=2
g
t
n
B
 
f
t
n
A
 1=2 n
for all t > t0:
for the so-called Kato-functions f ; g and the so-called symmetrically normed
ideals A ¼ Lf; see [NZ2] and the references given there. This class of ideals
is larger than fSp; p 2 ½1;1Þg but one can replace A ¼ Sp in Proposition 1.7
by A ¼ Lf without any change of the proof.
1.3. Trotter Product Formula in Operator-Norm on Lp-Spaces
In this section, we add some remarks on the problem of operator-norm
convergence of the Trotter product formula (1) for the particular case that
the semigroups ðetAÞ; ðetBÞ act on a scale of spaces X ¼ Lp and the L2-case
can be handled by Hilbert space methods as e.g. in [NZ1].
In this case, the operator-norm convergence of the Trotter product
formula can often be extended from L2 to Lp by interpolation methods.
As a ﬁrst step we mention how to extend the analyticity assumptions in
Theorem 1.1 from L2 to Lp:
Remark 1.8. Let q 2 ½1;1:
(a) Let ðetAÞ be a bounded analytic semigroup on L2 which is bounded
on Lq: Then ðetAÞ is a bounded analytic semigroup on Lp for all p strictly
between 2 and q:
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powerbounded on Lq: Then T is powerbounded and analytic on Lp for all p
strictly between 2 and q:
While part (a) follows directly from Stein interpolation for the operator
family fete
iezA;ReðzÞ 2 ½0; 1g [D1, p. 23], in the discrete setting of part (b) one
has to use resolvent characterizations of analyticity and to apply Stein
interpolation for the resolvent [B3, Theorem 1.1].
Remark 1.8 suggests to consider ﬁrstly the case of semigroups ðetAÞ; ðetBÞ
acting contractively on a scale of Lp-spaces. Indeed, in this case the uniform
powerboundedness of the Te :¼ eeAeeB on Lp is evident and their uniform
analyticity on Lp can then be deduced from the corresponding L2-property
via Remark 1.8.
Secondly, since Lp-contractivity fails in general e.g. for higher order
elliptic operators A;B [LM], we will employ the standard tool for the
extension of semigroup-properties from L2 to Lp; which are (generalized)
Gaussian bounds. The latter were already used e.g. for the
following properties a single semigroup ðetAÞ might have: spectral p-
independence [D2,KV], maximal regularity [BK1, CD], the boundedness of
an H1 functional calculus [BK2,DM] and of certain Riesz transforms
[AT, BK3]. Further references can be found in the papers we already
mentioned.
Since operator-norm convergence of the Trotter product formula (1) is a
property of two semigroups ðetAÞ; ðetBÞ; we will have to impose the rather
strong assumption of (generalized) Gaussian bounds for the products etAetB:
On the other hand, this will allow us to extend even vectorvalued operator-
norm convergence from L2 to Lp:
For the whole section we ﬁx bounded analytic semigroups ðetAÞ; ðetBÞ;
ðetA0 Þ on L2 and set Ae :¼ e1ðe
e
2
AeeBe
e
2
A  IÞ: We will consider the following
Lp-properties of the introduced operators:
ðTKþLp Þ e
tA0 ¼ LðLpÞ  lim
j!1
ðe
ej
2
Aeej Be
ej
2
AÞnj whenever t > 0; ej ! 0;
ejnk ! t;
ðRLpÞ Rðl;A0Þ ¼ LðLpÞ  lime!0
Rðl;AeÞ for some ðallÞ l > 0;
ðSLpÞ e
tA0 ¼ LðLpÞ  lim
e!0
etAe for all t50:
Our result for Lp-contractive semigroups is the following.
Proposition 1.9. Let q 2 ð2;1 and I :¼ ½2; qÞ: Suppose that the
ðetAÞt>0; ðe
tBÞt>0 are contractions on Lp for all p 2 I :
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e
2
AeeBe
e
2
AÞe>0 are uniformly analytic on L2 and ðe
tA0Þ is a
bounded semigroup on Lp for all p 2 I ; then
9=8p 2 I : ðSLpÞ , 9=8p 2 I : ðRLp Þ ) 9=8p 2 I : ðTK
þ
Lp
Þ:
(b) If the A;B50 are non-negative self-adjoint on L2; Rðl;AÞ 2
KðL2Þ and A0 ¼ A6B (the quadratic form sum), then, for all p 2 I ; ðetA0 Þ is a
contractive analytic semigroup on Lp and ðSLp Þ; ðRLpÞ; ðTK
þ
Lp
Þ hold.
Recall that K denotes the class of compact operators. In the following
result on the extension from L2 to Lp of vectorvalued operator-norm
convergence of the Trotter product formula, we will consider the following
property:
ðTKLpðlsÞÞ e
~tA0 ¼ LðLpðlsÞÞ  lim
n!1
Tn~t=n for all ~t 2 ðRþÞ
N:
Here we denote Te :¼ e
e
2
AeeBe
e
2
A; e~tA0F :¼ ðetjA0fjÞj2N; T~eF :¼ ðTej fjÞj2N; where
~t ¼ ðtjÞj2N 2 ðRþÞ
N; ~e ¼ ðejÞj2N 2 ðRþÞ
N; F ¼ ðfjÞj2N:
Proposition 1.10. Let ðO; d;mÞ be a measured metric space of dimension
D > 0:
jBðx; lrÞj4C lD jBðx; rÞj for all x 2 O; l51; r > 0 :
Let q 2 ð2;1; Te :¼ e
e
2
AeeBe
e
2
A and suppose that the following generalized
Gaussian bounds are satisfied:
jjPBðx;t1=mÞe
tA0PAðx;t1=m ;kÞjj2!q4CjBðx; t
1=mÞj
1
q
1
2 ebk
m=ðm1Þ
;
jjP
Bðx;ðneÞ1=mÞT
n
e PAðx;ðneÞ1=m;kÞjj2!q4CjBðx; ðneÞ
1=mÞj
1
q
1
2ebk
m=ðm1Þ
ð4Þ
for all x 2 O; t; e > 0; n; k 2 N and some b > 0; m > 1: Then the following
implications hold:
ðTKþL2 Þ ) ðTK
þ
Lp
Þ for all p 2 ð2; qÞ;
ðTKL2ðl2ÞÞ ) ðTKLpðlsÞÞ for all p; s 2 ð2; qÞ:
Here we denote by Bðx; rÞ the ball around x of radius r and by Aðx; r; kÞ
the annular region Bðx; ðk þ 1ÞrÞ=Bðx; krÞ: Moreover, we write jj  jj2!q for
jj  jjL2ðOÞ!LqðOÞ and PE for the projection of multiplying by the characteristic
function of a set E:
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ðetA0 Þ satisﬁes (4) with jj  jj1!1 instead of jj  jj2!q if and only if it has a heat
kernel ktðx; yÞ satisfying the standard Gaussian bounds of order m:
jktðx; yÞj4C0jBðx; t1=mÞj1exp b0
dðx; yÞm
t
  1
m1
0
@
1
A for all t > 0; x; y 2 O:
This can be seen e.g. from [BK1, Proposition 2.9]. Estimates of type (4) are
typical for elliptic operators A0 of order m 2 2N on O R
D [AT,D2].
2. PROOFS FOR SECTION 1.1
Proof of Theorem B. (i) Recall that ðetAÞ is a bounded C0 semigroup on
X : Then the uniform powerboundedness of the ðetAÞt50 and the ðlRðl;AÞÞl>0
is clear, for the latter due to the Hille–Yosida Theorem. The equivalence of
the analyticity of the semigroup ðetAÞ and the uniform analyticity of the
operators ðlRðl;AÞÞl>0 is [P, Theorem 2.5.5]. It remains to show that
jjtAetAjj4M ; t > 0; implies the uniform analyticity of the operators ðetAÞt50:
We observe ﬁrst that
jjAnetAjj4jjAeðt=nÞAjjn4
n
t
M
 n
4n!ðMeÞntn
for all n 2 N; t > 0 and can then estimate as follows:
jjnðetA  IÞetnAjj ¼ n
X1
j¼1
nj
j!
ðtnAÞjetnA



4n
X1
j¼1
njðMeÞj42Me
for all n52Me: But for the case n42Me; we simply note that
jjnðetA  IÞetnAjj4nðM þ 1ÞM44eM3:
(ii) is essentially due to Nevanlinna [N]; see [B3, Proposition 2.2] for a
short proof. ]
For the proof of Theorem 1.1 we will employ the following lemma which
is [CZ1, Lemma 3.2].
Lemma 2.1. Let T 2 LðX Þ be powerbounded and analytic, say jjTnjj;
jjðn þ 1ÞðT  IÞTnjj4M for all n 2 N: Then
jjenðTIÞ  Tnjj42M2n1=3 for all n 2 N:
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resolvent condition ðRÞ holds for some l > 0 if and only if it holds for all
l > 0; see e.g. [K, Sect. IV, Theorem 2.25]. As in the classical proof of the
strong convergence result Theorem A, the implication ðSÞ ) ðRÞ is obtained
via Laplace transform
Rðl;A0Þ  Rðl;AeÞ ¼
Z 1
0
eltðetA0  etAe Þ dt for all l; e > 0
and dominated convergence. Since the uniform analyticity assumption and
Theorem B imply jjlRðl;AeÞjj4C for all l 2 Sd; e50 and some d > 0; the
implication ðRÞ ) ðSÞ follows from standard representations for the inverse
Laplace transform of the type [P, Sect. 1.7]
etA0  etAe ¼
1
2pi
Z
G
eltðRðl;A0Þ  Rðl;AeÞÞ dl for all t; e > 0
and again dominated convergence. Finally, the implication ðSÞ ) ðTKþÞ
can be deduced from the estimate
jjetA0  Tnjej jj
4jjetA0  etAej jj þ jjetAej  eejnjAej jj þ jjenjðTejIÞ  Tnjej jj
4CðjjetA0  etAej jj þ jlogðt=ðejnjÞÞj þ n
1=3
j Þ
! 0 for j !1 by ðSÞ; ej ! 0; ejnj ! t:
Here we employed the uniform powerboundedness/analyticity of the ðTeÞe>0
via Lemma 2.1 and Theorem B(ii). Indeed, the latter ensures jjuAeeuAe jj4C1
for all u; e > 0; which yields for all e; s; t > 0 the estimate
jjetAe  esAe jj ¼
Z t
s
Aee
uAe du



4C1
Z t
s
u1 du

 ¼ C1jlogðt=sÞj:
(b) Now suppose that the operators Se :¼ ðI  TeÞ
1ðTe  eeA0 Þ
ðI  eeA0Þ1; e > 0 are well deﬁned and bounded. Then we obtain the
following error estimate:
jjTnt=n  e
tA0 jj ¼
Xn1
j¼0
T
n1j
t=n ðTt=n  e
t
n
A0Þe j
t
n
A0




4 jjSt=njj
Xn1
j¼0
jjTn1j
t=n ðI  Tt=nÞjj jjðI  e
t
n
A0Þej
t
n
A0 jj
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Xn1
j¼0
C
ðn  jÞðj þ 1Þ
¼ jjSt=njj
2C
n þ 1
Xn1
j¼0
1
j þ 1
4jjSt=njj
2C
n þ 1
ð1þ log nÞ
Here we used in the third step the uniform analyticity of the operators
ðTeÞe>0 and ðe
eA0Þe>0; the latter due to Theorem B.
(c) follows from (a) and the fact that if fRe; e > 0g  LðX Þ is relatively
compact and strongly convergent for e! 0 one even has norm convergence
for e! 0: ]
Proof of Proposition 1.4. First, we observe that the closedness of the unit
ball BAðX Þ in LðX Þ guarantees etA 2 AðX Þ for all t > t0 since
etA0 ¼ LðX Þ  lim
n!1
Tnt=n and jjT
n
t=njjA4Mt;t for all n5t=e0:
Now we ﬁx t > t0 and sequences ðejÞ; ðnjÞ satisfying ej ! 0 and ejnj ! t:
Choose a 2 ð0; 1Þ such that at > t0 and set kj :¼ banj c; the integer part.
Observe that we have ejkj ! at: Now let d > 0 be arbitrary. Since eð1aÞtA0 2
GðX Þ we ﬁnd F 2 FðX Þ such that
jjeð1aÞtA0  F jj4d=ðMa;b þ jjeatA0 jjAÞ:
Here we choose a :¼ atþt0
2
and b :¼ at þ 1 so that t0oaoatob: Next we note
that for all j5j0; we have
jjTkjej jjA4Ma;b; jjT
njkj
ej  e
ð1aÞtA0 jj4d=Ma;b; jjTkjej  e
atA0 jj4d=jjF jjA:
This allows the following estimate for all j5j0 (cf. [NZ2, line
(3.21)]):
jjTnjej  e
tA0 jjA4jjðT
njkj
ej  e
ð1aÞtA0 ÞTkjej jjA þ jjF ðT
kj
ej  e
atA0ÞjjA
þ jjðeð1aÞtA0  F ÞðTkjej  e
atA0 ÞjjA
4 jjTnjkjej  e
ð1aÞtA0 jjMa;b þ jjF jjAjjT
kj
ej  e
atA0 jj
þ jjeð1aÞtA0  F jjðMa;b þ jjeatA0 jjAÞ43d: ]
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We prepare the proof of Theorem 1.5 by a series of lemmas the ﬁrst two of
which are [CZ2, Lemmas 6, 5].
Lemma 3.1. Let ðetAÞ be a bounded analytic semigroup on X and ðetBÞ a
bounded C0 semigroup on X : Suppose that 0 2 rðAÞ as well as
jjBxjj4ajjAxjj for all x 2 DðAÞ  DðBÞ and DðAnÞ  DðBnÞ:
If a is small enough, then ðetðAþBÞÞ is a bounded analytic semigroup on X with
0 2 rðA þ BÞ and
jjA1ðetAetB  etðAþBÞÞA1jj4Ct2 for all t50:
Lemma 3.2. Let ðetAÞ; ðetBÞ; ðetA0Þ be bounded C0-semigroups on X :
Suppose that the operators A1;BA1;A1B;A0A1;A1A0 are well defined
and bounded. Then, we have
jjðetAetB  etA0 ÞA1jj; jjA1ðetAetB  etA0Þjj4Ct for all t50:
Various operator properties such as analyticity can be expressed in
terms of resolvent conditions. The following lemma will help to
transfer such properties from etA to etAetB; provided B is sufﬁciently
A-small.
Lemma 3.3. Let ðetAÞ; ðetBÞ be bounded C0-semigroups on X ; say jjetBjj4
M for all t50: Fix t > 0; l 2 rðetAÞ and suppose that the operator A1B is well
defined and bounded. If q :¼ M jjA1Bjj jjRðl; etAÞtAetAjjo1; then l 2 rðetAetBÞ
and
jjRðl; etAetBÞxjj4ð1 qÞ1jjRðl; etAxÞjj for all x 2 X :
Proof. This follows from the following observations:
l etAetB ¼ ðl etAÞðI þ Rðl; etAÞetAðI  etBÞÞ;
jjRðl; etAÞetAðI  etBÞjj ¼ Rðl; etAÞAetAA1B
Z t
0
esB ds



4q: ]
Finally, e.g. for the application of Lemma 3.3, we need the following
remark on the growth of Rðl; etAÞ; t ! 0; for a bounded C0 semigroup ðetAÞ
with 0 2 rðAÞ: If A has a bounded H1 functional calculus, then this
singularity can be regularized via multiplication by tAetA or ARðt1;AÞ:
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same holds up to a logarithmic term.
Lemma 3.4. Let ðetAÞ be a bounded analytic semigroup on X :
(a) If 0 2 rðAÞ then we have for all l 2 Dc; t > 0:
jjðl etAÞ1tAetAÞjj; jjðl etAÞ1ARðt1;AÞjj4C logðt1 þ 2Þ:
(b) If A has a bounded H1 functional calculus, then we have for all
l 2 Dc; t > 0:
jjðl etAÞ1tAetAjj; jjðl etAÞ1ARðt1;AÞjj4C:
Proof. By hypothesis we have for some e;M > 0:
jjlRðl;AÞjj; jjtAetAeetjj4M for all l; t > 0:
(a) Since ðl etAÞ1 ¼
P1
j¼0 l
j1ejtA; jlj51; we can estimate as follows:
jjðl etAÞ1ARðt1;AÞjj4jjARðt1;AÞjj þ jjRðt1;AÞjj
X1
j¼1
jjAejtAjj
4 jjt1Rðt1;AÞ  I jj þ M2
Xdt1 e
j¼1
j1 þ M2t
X1
j¼dt1 eþ1
eejt
4C logðt1 þ 2Þ for all t > 0:
The other estimate can be obtained from the preceding calculations
and
jjðl etAÞ1tAetAjj4t
X1
j¼1
jjAejtAjj:
(b) Since ARðt1;AÞ ¼ tAð1 tAÞ1 the assertion follows from
jðl ezÞ1zezj; jðl ezÞ1zð1þ zÞ1j4Cd
for all l 2 Dc; dop2; z 2 Sd: ]
Proof of Theorem 1.5. We can assume 0 2 rðAÞ by otherwise applying
this case to A˜ :¼ A  e; e > 0 arbitrary. Indeed, A˜ has a bounded H1
SO¨NKE BLUNCK364functional calculus [M], and standard arguments show
jjAxjj4CejjðA  eÞxjj; jjAnxnjj4CejjðAn  eÞxnjj;
jjetðAþBÞ  ðe
t
n
Ae
t
n
BÞnjj ¼ eetjjetðA˜þBÞ  ðe
t
n
A˜e
t
n
BÞnjj:
Deﬁne Te :¼ eeAeeB and A0 :¼ A þ B: We will prove the following three
claims, provided a and an are small enough:
(i) The ðTeÞe>0 are uniformly powerbounded and uniformly
analytic.
(ii) ðetA0 Þ is a bounded analytic semigroup with 0 2 rðA0Þ:
(iii) The operators Se :¼ ðI  TeÞ
1ðTe  eeA0ÞðI  eeA0Þ
1; e > 0; are
well-deﬁned and uniformly bounded.
Indeed, in this case we obtain via Theorem 1.1(b) the desired error
estimate. First note that claim (ii) is clear by Lemma 3.1. Now we prove
claim (i). Since the ðetAÞt>0 are uniformly powerbounded and uniformly
analytic by Theorem B(i), we obtain from Theorem B(ii):
jjðl 1ÞRðl; etAÞjj4C for all jlj > 1; t > 0:
Moreover, due to Lemma 3.4(b) we have
jjRðl; etAÞtAetAjj4C for all jlj > 1; t > 0: ð5Þ
Therefore, we obtain from Lemma 3.3, provided an5jjA1Bjj is small
enough:
jjRðl; etAetBÞjj4CjjRðl; etAÞjj4C0jl 1j1 for all jlj > 1; t > 0:
Now a last application of Theorem B(ii) yields that the Te ¼ eeAeeB; e > 0;
are uniformly powerbounded and uniformly analytic.
Finally we come to the proof of claim (iii). Due to jjA1Bjj4an and line
(5), we obtain via Lemma 3.3 for an small enough:
jjðI  TeÞ
1xjj4C1jjðI  eeAÞ
1xjj for all e > 0; x 2 X :
In view of the identities
ðARðe1;AÞÞ1 ¼ e1A1  I ; ðA0Rðe1;A0ÞÞ
1 ¼ e1A10  I ;
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jjðI  TeÞ
1ðTe  eeA0ÞðI  eeA0Þ
1jj4C1jjðI  eeAÞ
1ðTe  eeA0 ÞðI  eeA0Þ
1jj
4C1jjðI  eeAÞ
1ARðe1;AÞjj jjðe1A1  IÞ
ðTe  eeA0 Þðe1A10  IÞjj
 jjðI  eeA0Þ1A0Rðe1;A0Þjj:
Recall that, by hypothesis and the perturbation theorem in [KW], the
operators A and A0 have a bounded H1 functional calculus. Thus,
due to Lemma 3.4(b), for the proof of (iii) it remains to show that the
ðe1A1  IÞðTe  eeA0 Þðe1A10  IÞ; e > 0; are uniformly bounded. Similarly
to [CNZ, Sect. 3], this is obtained from the estimates
jjTe  eeA0 jj4C by claims ðiÞ and ðiiÞ;
jje1A1ðTe  eeA0 Þe1A10 jj4C by Lemma 3:1 since AA
1
0 2 LðX Þ;
jje1A1ðTeeeA0 Þjj; jjðTeeeA0 Þe1A10 jj4C
by Lemma 3:2 since A10 A 2LðX Þ:
Here we used the fact that AA10 ¼ ðI þ BA
1Þ1 2 LðX Þ if jjBA1jj4ao1
and A10 A ¼ ðI þ A
1BÞ1 2 LðX Þ if jjA1Bjj4ano1: ]
Remark 3.5. The preceding proof and Lemma 3.4(a) show that part (a)
of Theorem 1.5 remains true if the hypothesis on A to have a bounded H1
functional calculus is weakened to
jjðI  etAÞ1tAetAjj4C for all t > 0
and the conclusion is weakened to
jjetðAþBÞ  ðe
t
n
Ae
t
n
BÞnjj4Cn1 logðnÞ logðn=t þ 2Þ2 for all n 2 N; t > 0:
We shall need the following criterion for analyticity on Hilbert spaces.
Lemma 3.6. Let H be a Hilbert space and T ;S 2 LðHÞ self-adjoint
contractions.
(a) If T is non-negative, then jjðT  IÞTnjj4 1
nþ1 for all n 2 N; i.e. T is
analytic.
(b) If T is analytic, then also STS is analytic.
SO¨NKE BLUNCK366Proof. (a) follows from the fact that ð1 xÞxn4 1
nþ1 for all x 2 ½0; 1;
n 2 N:
(b) It is remarked in [C-SC, Proposition 3] that we have
1 =2 sðRÞ , R is analytic
for all self-adjoint powerbounded R 2 LðHÞ: For R ¼ T this yields hTf ; f i
5ð1þ eÞjjf jj2 for all f 2 H and some e 2 ð0; 1: But then
hSTSf ; f i ¼ hTSf ;Sf i5ð1þ eÞjjSf jj25ð1þ eÞjj f jj2;
hence the above line for R ¼ STS yields the assertion. ]
Proof of Proposition 1.7. We want to apply Proposition 1.4 to the
Te :¼ e
e
2
AeeBe
e
2
A; A0 :¼ ðA6BÞ; t0 :¼ e0n0; A :¼ Sp:
At ﬁrst, we will establish hypothesis ðTKþÞ of Proposition 1.4 by means of
Theorem 1.1 and Remark 1.2. Due to a result of Neidhardt and Zagrebnov
[NZ1, Theorem 3.2] and the hypothesis Rðl;AÞ 2 KðHÞ; the resolvent
condition ðRÞ of Theorem 1.1 is satisﬁed. Since the semigroup ðetA0Þ is
obviously bounded analytic and the ðTeÞ are contractions and uniformly
analytic (due to Lemma 3.6), condition ðTKþÞ follows. Now we check that
jjTne jjSp4jjT
n0
e0 jjSp whenever e4e0; en5t0 ¼ e0n0: ð6Þ
Indeed, this follows by applying the subsequent Lemma 3.7 to the operators
U :¼ eeB; U0 :¼ ee0B; V :¼ eeA; V0 :¼ ee0A and r :¼ n=n0: Finally, we
observe that etA0 2 KðHÞ ¼ GðHÞ for all t > 0: Indeed, (6) yields Te 2 KðHÞ
for all e4e0; hence etA0 2 KðHÞ due to ðTKþÞ and the closedness of KðHÞ
in LðHÞ:
Now all hypotheses of Proposition 1.4 are veriﬁed and we deduce the
assertion of Proposition 1.7. ]
In the last proof we used the following lemma which is an application of
the Araki inequality [A] and can be found in [NZ2, Lemma 2.5].
Lemma 3.7. Let U ;U0;V ;V050 be non-negative self-adjoint operators on
a Hilbert space H and let r; p 2 ½1;1Þ: If Ur4U0; V r4V0 and V
1=2
0 U0V
1=2
0 2
SpðHÞ; then ðV 1=2UV 1=2Þ
r 2 SpðHÞ and jjðV1=2UV 1=2Þ
rjjSp4jjV
1=2
0 U0V
1=2
0 jjSp :
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Proof of Proposition 1.9. (a) The Te :¼ e
e
2
A eeBe
e
2
A are contractions on Lp
for all p 2 I and uniformly analytic on L2: Hence, by interpolation in form
of Remark 1.8(b), the Te are uniformly analytic on Lp for all p 2 I : Similarly,
one obtains that ðetA0 Þ is a bounded analytic semigroup on Lp for all p 2 I :
Now Theorem 1.1 and Remark 1.2 yield for each ﬁxed p 2 I :
ðSLp Þ , ðRLpÞ ) ðTK
þ
Lp
Þ:
But, for all p 2 I ; the approximating operators in ðTKþLpÞ; ðRLpÞ; ðSLpÞ are
contractions on Lp:Hence if one of the three properties holds for some p 2 I ;
then it holds for all p 2 I by Riesz–Thorin interpolation.
(b) The Te :¼ e
e
2AeeBe
e
2A are contractions on L2 and uniformly analytic
on L2 by Lemma 3.6. By the compactness assumption Rðl;AÞ 2 KðL2Þ and
[NZ1, Theorem 3.2], condition ðRL2Þ holds; this argument was already used
in the proof of Proposition 1.7. Hence, by Theorem 1.1, also condition ðSL2 Þ
is satisﬁed. By Riesz–Thorin interpolation between ðSL2 Þ and jje
tAe jjLðLpÞ41;
we obtain that ðetAeÞ is Cauchy in LðLpÞ for e! 0 and for all p 2 I : Hence,
again by ðSL2 Þ; we deduce e
tA0 2 LðLpÞ; etA0 ¼ LðLpÞ  lime!0 etAe and
therefore jjetA0 jjLðLpÞ41: Finally, the analyticity of the semigroup ðe
tA0 Þ on
Lp follows again by Remark 1.8(a).
Now we are in position to apply part (a) and, since ðSL2 Þ holds, we
obtain ðSLp Þ; ðRLpÞ; ðTK
þ
Lp
Þ for all p 2 I : ]
An important property of generalized Gaussian bounds as arising in
Proposition 1.10 is that they allow the following vectorvalued estimate
which is [BK1, Corollary 2.7].
Lemma 4.1. Let ðO; d;mÞ be a measured metric space of dimension D > 0:
Let ðSlÞl2L be a family of linear operators satisfying the generalized Gaussian
bounds
jjPBðx;rlÞSlPAðx;rl;kÞjjp!q4jBðx; rlÞj
1
q
1
pgðl; kÞ
for all x 2 O; l 2 L; k 2 N; some 14poq41; rl > 0 and a function g :L
N! Rþ satisfying
P1
k¼0 k
D1gðl; kÞ4C for all l 2 L: Then we have for all
r; s 2 ðp; qÞ:
jjS~l jjLðLrðlsÞÞ4Cr;s for all
~l 2 LN:
Here we denote S~lF :¼ ðSlj fjÞj2N for
~l 2 LN; F ¼ ðfjÞj2N:
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situations:
L ¼ Rþ; St ¼ etA0 ; rt ¼ t1=m; gðt; kÞ ¼ Cebk
m=ðm1Þ
;
L ¼ Rþ N; Sðe;nÞ ¼ Tne ; rðe;nÞ ¼ ðneÞ
1=m; gððe; nÞ; kÞ ¼ Cebk
m=ðm1Þ
:
Indeed, this yields for all p; s 2 ð2; qÞ the estimate
jje~tA0 jjLðLpðlsÞÞ; jjðT
nj
ej Þj2NjjLðLpðlsÞÞ4Cp;s for all ~t;~e 2 ðRþÞ
N; ~n 2 NN:
Now ﬁx p; s 2 ð2; qÞ: Choose p˜; s˜ 2 ð2; qÞ and y 2 ð0; 1Þ such that 1
p
¼ y
2
þ 1y
p˜
and 1
s
¼ y2þ
1y
s˜
: Then the two implications follow from
jjetA0  Tnjej jjLðLpÞ4jje
tA0  Tnjej jj
y
LðL2Þjje
tA0  Tnjej jj
1y
LðLp˜Þ
4 jjetA0  Tnjej jj
y
LðL2Þð2Cp˜;p˜Þ
1y;
jje~tA0  Tn~t=njjLðLpðlsÞÞ4jje
~tA0  Tn~t=njj
y
LðL2ðl2ÞÞjje
~tA0  Tn~t=njj
1y
LðLp˜ðls˜ÞÞ
4 jje~tA0  Tn~t=njj
y
LðL2ðl2ÞÞð2Cp˜;s˜Þ
1y: ]
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